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PHASE TRANSITIONS ON THE TOEPLITZ ALGEBRAS 
OF BAUMSLAG-SOLITAR SEMIGROUPS 

LISA ORLOFF CLARK, ASTRID AN HUEF, AND IAIN RAEBURN 


Abstract. Spielberg has recently shown that Baumslag-Solitar groups associated to 
pairs of positive integers are quasi-lattice ordered in the sense of Nica. Thus they have 
tractable Toeplitz algebras. Each of these algebras carries a natural dynamics. Here we 
construct the equilibrium states (the KMS states) for these dynamics. For inverse tem¬ 
peratures larger than a critical value, there is a large simplex of KMS states parametrised 
by probability measures on the unit circle. At the critical value, and under a mild hy¬ 
pothesis, there is a phase transition in which this simplex collapses to a singleton. There 
is a further phase transition at infinity, in the sense that there are many ground states 
which cannot be realised as limits of KMS states with finite inverse temperatures. 


1. Introduction 

Spielberg [2D] has recently studied a large family of C*-algebras which includes the 
C*- algebras of higher-rank graphs ® m and the boundary quotients of quasi-lattice 
ordered groups m 0- He has also shown that the Baumslag-Solitar groups are quasi¬ 
lattice ordered with boundary quotients that are typically Kirchberg algebras, and has 
computed the K -theory of these boundary quotients [ID] . 

A quasi-lattice ordered group also has a (much larger) Toeplitz algebra, and the Toeplitz 
algebras of groups similar to Baumslag-Solitar groups have recently been shown to exhibit 
interesting phase transitions. Indeed, there is nontrivial overlap]] between the Toeplitz 
algebras studied in mm and the Toeplitz algebras of the Baumslag-Solitar groups 
studied in [ID] (see [12] §9]). So one naturally wonders whether there are interesting 
phase transitions on the Toeplitz algebras of Baumslag-Solitar groups. Here we confirm 
that this is indeed the case. 

Suppose that c and d are nonzero integers. The Baumslag-Solitar group G = BS(c, d) 
is the group generated by two elements a, b subject only to the relation ab c = b d a. When 
c and d are positive, we consider the subsemigroup P of G generated by a and b. This 
semigroup defines a partial order on G: g < h means that g~ * l h 6 P. Spielberg proved in 
m Theorem 2.11] that the pair ( G,P) is quasi-lattice ordered in the sense of Nica [ 15] , 
The Toeplitz algebra is the C*-subalgebra T(P) of B(d. 2 (P)) generated by a left-regular 
representation of P by isometries {T x : x G P} (but see §2] for further discussion of our 
conventions). This algebra carries a natural gauge action of the circle, which we can lift to 
an action a of M. We are interested in the KMS states of the dynamical system (T(P), a). 

We show that for inverse temperatures /3 larger than lnd, there is a large simplex of 
KMS/? states parametrised by the probability measures on the circle. When d does not 
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divide c, there is a phase transition at the critical inverse temperature In d in which this 
simplex collapses to a single point, and the KMSi n d state factors through the boundary 
quotient of [5] . The condition “d does not divide c” has previously occurred in Spielberg’s 
analysis of the groupoid model for the boundary quotient, where it is shown to be necessary 
and sufficient for the groupoid to be topologically principal (which he calls “essentially 
free”) [El Theorem 4.9]. 

We begin with a section on background material: we discuss our conventions concerning 
quasi-lattice ordered groups and their Toeplitz algebras, and the normal form for elements 
of Baumslag-Solitar groups which we will use throughout. The normal form identifies a 
family of words in P that play a vital role in computations in G and P. We call these 
words “stems”, and in §3] we establish some properties of the map which sends an arbitary 
element of P to its stem. In §4] we give a presentation of our Toeplitz algebra which will 
allow us to build Hilbert-space representations. Then in (J5J we turn to KMS states. The 
Toeplitz algebra T(P) = C*({T X : x G P}) is spanned by the elements T X T*, and the 
KMS states are the states that satisfy a commutation relation involving products of two 
spanning elements. In Proposition 15.11 we give a characterisation of KMS states in terms 
of their values on individual spanning elements. This implies, for example, that all KMS 
states at real inverse temperatures factor through the quotient in which the generator 7], 
is unitary. 

Our main theorem about the KMS^ states for <3 > In d is Theorem 16.11 and the rest 
of [| 6 ] is devoted to its proof. The strategy is a refinement of the one developed in mi 
and [12] • To build KMS states, we exploit that all KMS states think T 5 is unitary: we 
take a carefully chosen unitary representation W of the subgroup generated by b, and 
induce it to a large unitary representation IndW of G. The KMS states come from the 
isometric representation obtained by restricting (IndIK)|p to a suitable invariant (but not 
reducing!) subspace. Our results at the critical inverse temperature are in Proposition 17.11 
and we show by example that they are sharp: when d divides c, there is more than one 
KMSi n( i state. 

Our last main result is Theorem 18.11 where we identify the ground and KMSqo states 
of our system. This seems to be harder than in previous computations of KMS structure: 
ground states need not factor through the same quotient of T(P), and hence we cannot 
use induced representations. But by mimicking what happens in we can build suitable 
isometric representations with our bare hands. We close with an appendix in which we 
prove that the quasi-lattice ordered group ( G,P ) is amenable in the sense of [T5] HU] . 
This result is not strictly needed in the rest of the paper, but it does simplify things 
notationally because it implies that the Toeplitz algebra is universal for Nica-covariant 
representations of P (see Corollary IA.7I) . 

2. Background 

2.1. Quasi-lattice ordered groups. Suppose that G is a group and P is a subsemigroup 
such that P D P ” 1 = {e}. Then there is a partial order on G such that 

g < h h G gP <£=>• g _1 h G P. 

This partial order is left-invariant, in the sense that g < h =>• kg < kh. 

According to Nica [IS], the pair (G, P) is a quasi-lattice ordered group if every pair g, h 
in G with a common upper bound in P has a least upper bound g V h in P. Subsequently, 
Crisp and Laca showed that it suffices to check that every element g G G with an upper 
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bound in P has a least upper bound in P [4] Lemma 7] (and that useful lemma contains 
several other equivalent reformulations of the definition). We write g V h < oo if g and h 
have an upper bound in P, and g V h = oo otherwise. 

Suppose that ( G,P) is quasi-lattice ordered. We consider the Hilbert space £ 2 (P) with 
the orthonormal basis {e x : x G P} of point masses. For each x € P, there is an isometry 
T x on £ 2 (P) such that T x e y = e xy for y G P. We have T e = 1 (the identity operator), and 
T x T y = T xy . In other words, T is a homomorphism of the monoid P into the monoid of 
isometries on £ 2 (P), and we say that T is an isometric representation of P. Nica observed 
that the representation T has the extra property 


( 2 . 1 ) 


T xT*T y T* 


T xvyT xWy if X V y < oo 
0 if x V y = oo. 


Now we say that an isometric representation satisfying m is Nica covariant. Nica 
covariance is equivalent to 


( 2 . 2 ) 


r 7 n * ,r 7 _1 _ 

± x ± y ~ 


rp rri* 

1 x~ 1 (x\/y)- L y~ 1 ( x vy) 

0 


if x V y < oo 
if x V y = oo. 


A quasi-lattice ordered group (G,P) has two C*-algebras: the Toeplitz algebra T(P) 
is the C'*-subalgebra of B(£ 2 (P)) generated by the operators {T x : x G P}, and the 
universal C*-algebra C*(G,P) is generated by a universal Nica-covariant representation 
i : P —>■ C*(G, P). Nica covariance implies that every word in the i(x) and their adjoints 
reduces to one of the form i(x)i(y)*, and hence 


C*(G,P ) = span{i(x)i(?/)* : x,y G P}. 

The Toeplitz representation T : P —* T{P) induces a surjection tit : C*(G,P) — » T(P), 
and a major issue considered in pAl §4] is when is an isomorphism. 

Because x V y — y V x, Nica covariance implies that the range projections i(x)i(x)* 
commute with each other, and then D := span{z(z)«(a;)* : x G P} is a commutative C*- 
subalgebra. There is a positive norm-decreasing linear map E : C*(G,P) —> D such that 
E{i{x)i{y)*) = 5 X) yi(x)i(x)* (see [T5j §4.2] or [TU] Proposition 3.1]), and we say that (G, P ) 
is amenable if E is faithful. Nica proved that if (G, P) is amenable, then the Toeplitz 
representation ttt is injective (see [15, §4.2] or [10:, Corollary 3.9]). This implies that the 
Toeplitz algebra has the universal property of (C*(G, P),i), and justifies the following: 


Conventions. All the quasi-lattice ordered groups (G, P ) in this paper are amenable (see 
Theorem IA .11) . So it makes no difference whether we use C*(G,P) or 'T(P). We choose 
to write C*(G,P) for the algebra because we want to emphasise the universal property, 
but write T for the universal Nica-covariant representation of P in C*(G,P). We write 
N = {0,1,2,...}. 


2.2. Baumslag-Solitar groups. We fix positive integers c and d. Then the Baumslag- 
Solitar group is the group 

G := (a, b : ab c = b d a ); 

if we want to emphasise the dependence on the numbers c,d, we write G = BS (c,d). 
We consider the submonoid P of G generated by by a and b. Spielberg proved in p3JJ 
Theorem 2.11] that (provided c and d are positive) (G,P) is quasi-lattice ordered. For 
the rest of this paper, (G, P ) denotes one of these groups. 
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Following [19], we write 9 for the homomorphism 6 : G — > Z such that 9(a) = 1 
and 9(b) = 0, and call 9(g) the height of g. Baumslag-Solitar groups are examples of 
Higman-Neumann-Neumann extensions, and each element has a unique normal form 

g = b So a £l b Sl ■■■b Sk ~ 1 a £k b Sk 

in which each £* is ± 1 , 0 < s,_i < d when = 1 , and 0 < s,_i < c when £* = —1 (see, 
for example, Theorem 2.1 on [131 page 182]). For elements of P, we have £* = 1 for all 
k and 0 < Si < d for all i < k; there is no restriction on b Sk except that s k > 0 , and we 
have k = 9(x). 


3. Stems and their properties 

Each x £ P has a unique normal form x = b s °ab si a ■ ■ ■b Sk ~ 1 ab Sk with 0 < s* < d for 
i < k and k = 9(x). We then write 

stem(x) := b s °ab si a ■ ■ ■ b Sk ~ 1 a 

for the stem of x. We write E^ for the set of possible stems with height k, including 
Eg := {e}; note that each E fc is finite with cardinality d k . 

Our constructions of KMS states will involve the Hilbert space 0 fc>o £ 2 ( S fc ), and hence 
properties of stems will be important throughout the paper. In this section, we describe 
some of these properties. 

Lemma 3.1. Suppose thatx,y £ P. Then stem(xstem(i/)) = stem(au/). If s andt satisfy 
y = stem (y)P and a;stem (y) = stem(xstem(y)) 6 s , then xy = stem (xy)b s+t . 

Proof. There exists t such that y = stem (y)P, and then 

xy = a;stem (y)b' = (stem(a;stem (y))b s )b l for some s £ N. 

On the other hand, we have xy = stem (xy)b r for some r G M. Since both stem(au/)& r and 
stem(a:stem(i/)) 6 s+t are normal forms for xy, the uniqueness of normal forms implies that 
stem(a;stem(i/)) = stem(au/) and that r = s + t. □ 

Lemma 3.2. (a) For all k G N and m > 0, the map hk, m ■ x i —> stem( 6 m a;) is a 

bijection ofEk onto E/ ; . 

(b) For all k £ N, the map x ha stem( 6 c aa;) is an injection o/Ea, into E^+i. 

Proof of part (Jaj). We prove by induction on k that hk, m is a bijection for all m £ N. 
The result is trivial if k — 0. For k — 1, hi tm (b l a) = Va where m + i — nd + j and 
0 < j < d; since addition by m modulo d is a bijection on {0,1, • • • , d — 1}, h\ )m is a 
bijection. Suppose that h k m is a bijection for all m. Because E fc+1 is finite, it suffices 
to see that h k+ i ]T7l is one-to-one. So suppose that h k +i, m (x) = h k+ i :m (x')- We can write 
x = Pay for some y £ E fc . We now define n , j by m + i = nd + j and 0 < j < d, and then 

hk+i,m(b l ay) = stem (b m+l ay) = V a stem(b nc y) = Vah Knc (y). 

Doing the same for x 1 = l/ay' shows that 

Pah ktnc (y) = IP ah k y c (y') where m + i = nd + j and m + i' = n'd + j'. 

Now uniqueness of the normal form forces j = j' and h k)UC (y) = h k y c (y'). Since j = j' 
and \i — i'\ < d, we must have i = i' and n = n' too. Now the injectivity of h k ^ nc implies 
that y = y' and x = Pay = x'. □ 
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For the proof of part fjbjh we separate out a calculation. Notice that it applies with 
m = c, and then gives (0 for k = 1. (Since S 0 = {e}, 0 is trivially true for k = 0.) 

Lemma 3.3. Suppose that m G N, b l a,b y a G Si, and stem {b m ab l a) = stem(b m atda) . 
Then i = j. 

Proof. Write m = nd + m' with 0 <m'<d. Then 

h m ah l a = b m 'ab nc+i a and b m ab>a = b m 'ab nc+j a. 

Now we write nc + i = iiid + i' and nc + j = njd + j', and the hypothesis gives 

b rn ' ab 1 ' a = stem(6 m a&*a) = stem (b m ab! a) = b m/ aV' a. 

Thus the uniqueness of the normal form implies that i' = j and we have 

i = iiid Pi! — nc = njd + j' — nc + (n; — nj)d = j + (iii — iij)d. 

Now 0 < i,j < d implies that — Jij = 0, and hence i = j. □ 

Proof of Lemma HO0 . Suppose that x, y G S fc and stem(6 c ax) = stem (b c ay). We write 
x and y in normal form as 

x = b x °ab Xl a ■ ■ ■ b Xk ~ 1 a and y = b yo ab Vl a ■ ■ ■ b Vk ~ 1 a, 

and prove by induction on n that Xi = yi for 0 < i < n < k. Since the stem of b c ax 
begins with the stem of b c ab x °a, and similarly for b c ay , Lemma [3.31 implies that Xq = y$. 
Suppose that we have X{ — y % for i < n < k — 1. Next we put into normal form 

b c ab xo ab xl a ■■■b Xn a = b s °ab si a ■ ■ ■ b Sn ab m - 
by the inductive hypothesis, we have 

b c ax = b s °ab Sl a ■ ■ ■ b Sn ab m b Xn+1 ■ ■ ■ b^- 1 a , and 

b c ay = b so ab sl a ■ ■ ■ b Sn ab m b Vn+1 ■ ■ ■ b^a. 

Thus 

b s °ab si a ■ ■ ■ b Sn astem(b m ab Xn+1 a ■ ■ ■ b Xk ~ 1 a) = stem(6 c ax) 

= stem (ffay) = b s °ab Sl a ■ ■ ■ b Sn astem(b m ab Vn+1 a ■ ■ ■ a), 

and we deduce that 

stem (b m ab Xn+1 a ■ ■ ■ b^^a) = stem (b m ab yn+1 a ■ ■ ■ b yk ~ 1 a). 

In particular, we have stem(6 m afe a:7l+1 a) = st em(b m ab Vn+1 a), and Lemma [3.31 implies that 

X'n-\-l Un+ 1- n 

Lemma 3.4. Let x,y G P such that x V y < oo. 

(a) If 6{y) > 6(x) then there exists t G N such that x V y = yb f . 

(b) If dfx) = 9(y) then there exists t G N such that either 

x \I y = x = yhf or xM y = y = xbf 

Proof. For (Jaj), suppose x = stem (re) b s for some s G N. Then because x V y < oo and 
9{y) > 9(x), stem(y) = stem(x)a for some stem a. Then y = stem(a;)cr6 n for some n G N. 
Now choose a stem r such that sterner) = a by Lemma lo.2ffaD (using that the map 
he(a),s is surjective and so a must be in the image). That is, b s r = ab r for some r G N. 
Then 

xr = stem (x)b s r = stem {x)ab r . 
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Therefore 

x V y = stem (x) cr& max( ”’ r) = yfe max(n ’ r) “ n 
so if we let t = max(n, r) — n, then x V y = yb l . 

For part (jb]) , if x V y < oo and ^(i/) = 9(x), then putting xVi/ into normal form tells 
us that stem(x) = stem(i/). The result follows. □ 

4. A PRESENTATION FOR THE TOEPLITZ ALGEBRA 

We want to build representations of C*(G , P ). For this we use: 

Proposition 4.1. Suppose that 7 r : C*(G, P) —>■ B is a homomorphism. Then U := H(T b ) 
and V := 7 r(T a ) are isometries, and satisfy 

(a) VU C = U d V; 

(b) U*V = U^VU* 0 ; 

(c) V*U j V = 0 for 1 < j < d. 

Conversely, ifU and V are isometries in a C*-algebra B satisfying (jaj), (jbj) and (jcj), then 
there is a Nica covariant representation S : P —>■ B such that S a = V and Sb = U, and a 
homomorphism Huy '■ C*(G,P) —> B such that U = Hu,v(T b ) and V = 1 Tuy(T a ). 

Let 7 T : C*(G, P) —» B be a homomorphism. Then 7 r o T is a Nica covariant representa¬ 
tion of ( G,P ). The relation (jaj) follows because ab c = b d a in P. The relation (jb|) follows 
from Nica covariance for the pair ( b , a), which has b V a = ab c , so that 

U*V = 7T (T b *T a ) = n(T b - l{bVa) T:. 1{bVa) ) = 7r(T 6 d - la )7r(T 6c )* = f/ d "Vr. 

The relation (jcj) is Nica covariance for (a,Va), for which we have a V Ida = 00 . So it 
remains for us to prove the converse. 

Remark 4.2. The relation (jcj) is equivalent to saying that {WV : 0 < j < d} is a Toeplitz- 
Cuntz family: in other words, the U^V are isometries satisfying 

d -1 

1 > J2(u j v)(u j vy. 

j=0 

For k > 1, the stems of height k are precisely the words of length k in the alphabet 
{Ida : 0 < j < d}, and for a = bd°atd 1 a... bd k ~ 1 a we have 

7T (T a ) = (U j0 V)(U jl V)... (f/^-W). 

Thus { 7 r(T CT ) : a G £&} is also a Toeplitz-Cuntz family for each k > 1. 

Remark 4.3. Suppose that U,V satisfy relations (jaj) and (jcj) of Proposition 14. II and U is 
unitary. Then multiplying (jsj) on the left by U* and the right by U* c gives (Ibl) . (This 
argument uses the extra relation UU* = 1, so it does not work when U is just an isometry.) 
Our relation (jaj) is relation (3) in [19j Theorem 3.23]. In { 191, Remark 3.24], Spielberg 
suggests that (3) and the Toeplitz-Cuntz relation equivalent to (jcj) give a presentation 
of his Toeplitz algebra T{G,P). However, we think that his T(G,P) is intended to be 
C*(G,P), and that the extra relation (jbj) is required for that. 

The hard bit in Proposition 14.11 is proving that a pair (U, V ) of isometries satisfying 
the relations gives us a Nica-covariant isometric representation S of P in B. It is clear 
how to define S : write x G P in normal form b s ° ab Sl a - ■ ■ ab Sm , and define 

m . 

5 


S x := U SQ VU S1 V ■ ■ - VU S " 
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we also set S e := 1. For x,y E P, the product of normal forms is not necessarily a normal 
form, so to see that S is multiplicative, we need to put the product 

xy = ( b So ab Sl a ■ ■ ■ ab Sm )(b t °ab tl a ■ ■ ■ ab tn ) 

in normal form. However, this entails pulling any factors of the form b kd in b Sm b to to the 
right, using the relation b d a = ab c to pull any such factors across each a in turn. We can 
perform exactly the same calculations in 

S x S y = U S0 VU S1 V ■ ■ ■ VU Sm U to VU tl V ■ ■ ■ VU tn 

using the relation (jaj), arriving at the formula for S xy . So S is multiplicative. 

To see that S is Nica covariant, we begin with a special case. To avoid losing detail in 
subscripts, we say that a pair (x,y) in P is Nica covariant when S x , S y satisfy the Nica 
covariance relation ( 12 . 2 H . 

Lemma 4.4. For every s,t G N, the pair (b s , aP) is Nica covariant. 


Proof. Write x = b s and y = ab f , and write s — (n — 1 )d + j with 1 < j < d. Then we 
have 

ab nc = xb d ~i a = yb nc ~ t if nc > t 
y = xb d -i a 6 t-nc if nc <t, 


x V y — 


and 


S x 1 {x'Jy)S y -\(x\/y) 


U d ivu< nc ^ if nc > t 
ljd-jyU^™ if nc < t. 


Next we observe that (jb]) implies 

(4.1) U* r U d ^ 1 VU* c = ? 7 *h+ 1 )^y f or ever y integer r > 0. 

Using this, we compute 

s*s y = u*(( n - 1)d+j Vc/* 

= u^u^-^vu 1 


= by flHD With r = d - 1, n - 1 times 

= ([/ d -T[/ tt )U (n - 1 ) T 1 by flUD with r — j - 1 , 
which is U^VU*^ 0 -^ if nc > t and U d ~ : ’VU t ~ nc if nc < t. □ 


The next lemma will allow us to bootstrap Lemma 14.41 to longer words. 

Lemma 4.5. Suppose that (x,y) is a Nica-covariant pair with xVy < oo andd(x ) < 6(y). 
If w has the form aP, then ( x,yw ) is a Nica-covariant pair. 

Proof. We have 

Sx^yw = (S*S y )S w = (S x -i( xVy )S*-i( xWy j)S w . 

The assumption 0(x) < 0(y) implies that x V y — has the form yb s (see Lemma 13.4() , and 
hence Lemma [4.41 implies that (?/ _1 (a; V y),w) = ( b s ,w ) is Nica covariant. Thus 

Sx^yw = 

— ^ X — 1 (xVy) ( S(y- 1 ( X Vy))- 1 (y- 1 (xVy)\/w)S w -l( y -l( x \/ y )\/w )) 

_ o q* 

— J x~ 1 y(y- 1 (xVy)\/w) lD w - 1 (y- 1 (x\/y)\/w)- 
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Now we recall that the partial order on (G, P) is left invariant, and hence 
y(y~ l fx V y) V w) — ( yy~ l {x V y)) V yw = (x V y) V yw = x V yw 


and 


y l (xVy)Vw = y 1 (xVy)Vy l yw = y 1 ((x V y) V yw) = y x {x\/yw). 

Thus 

Q* Q _ Q Q* _ Q Q* 

D x Oy W — ^>x~ 1 (x\/yw) ;:> w -^y-^{x\Jyw) — ^ , x- 1 (x'Jyw)‘ => (y W )- 1 {x\Jyw)-i 

as required. □ 

Proof of Proposition \4-l\ It remains for us to prove that the representation S is Nica 
covariant. Suppose that x,y G P. It suffices to prove (12.21) when 6 {x) < 9(y) (otherwise 
take adjoints). First we suppose that x V y = oo. We claim that stem(x) is not an initial 
segment of stem(y). To see this, suppose to the contrary that stem(y) = stem(x)p and 
x = stem(x) 6 L Then Lemma I3.2lfiaj) implies that there is a stem q such that b l q has 
the form pb s . But them xq = stem (x)pb s and y has the same stem, and we can find a 
common upper bound for x and y of the form stem (x)pb r . Thus we have a contradiction, 
and the claim is proved. So there are distinct stems a, r in £#( x ) such that x has the form 
x = ab s and y = rp. Then because {S p = ^{T a ) : p G is a Toeplitz-Cuntz family 

(Remark 14.21) . we have 

Q* Q _ Q* Q* Q Q _ A 

cr^r^P — 

as required in ( 12 . 21 ) . 

Next we suppose that x V y < oo, in which case we have x = ab s for a = stem (a;), and 
y has the form aw for some w £ P by uniqueness of the normal form. Then 

Q* Q _ Q* Q* Q Q _ Q* Q 

— ^b s da^cr^w — 

since left invariance of the partial order gives 

x _1 (x V y) — b~ s (b s V w) and y^{x V y) — V w), 

it suffices to prove the result for x = b s . Now we trivially have Nica covariance for ( b s , b r ), 
and Lemma [4.51 gives Nica covariance for ( 6 s , PaP). Now an induction argument using 
Lemma [4.51 gives Nica covariance of ( b r ,w ) for all w. Thus S is Nica covariant. 

The universal property of (C*(G, P),T) now gives us the homomorphism nu,v '■= '■ 

C*(G,P ) —> B with the required properties. □ 

5. A CHARACTERISATION OF KMS STATES 

The height map 6 gives a strongly continuous gauge action 7 : T —>■ Aut C*(G,P) 
such that 7 Z {T X ) = z e ^T x . We then define a : M —» Aut C*(G,P) by a t = 7 e «, and 
aim to study the KMS states of the dynamical system (C* (G, P), a). For x,y G P 
we have a t (T x T*) = e lt ( e ( x )- e (y))T X T* } and thus each T X T* is analytic, with a z (T x T*) = 
e tz{ 6 (x)- 0 (y))rp^rj,*' gi nce ti ie T X T* span a dense subspace of C*(G, P), it follows from [Iffl 
Proposition 8.12.3] that a state -0 of C*(G,P ) is a KMS /3 state of (C*(G, P), a) for some 
/3 G R \ {0} if and only if 

( 5 . 1 ) 0 ((t x t;)(t p t;)) = 0 ((t p t;)^(t x t;)) = e -^~ e ^ 

for all x, y,p,q G P. 


y((T p T;)(TX;)) 












TOEPLITZ ALGEBRAS OF BAUMSLAG-SOLITAR SEMIGROUPS 


9 


Proposition 5.1. Letif be a state on ( C*(G, P),a ). Then'll is a KMSp state if and only 
if for all x,y G P we have 

{ e~P d ( x ')'if(Ty-i x ) if 9{x) = 9(y) and x V y = x 

e~P e ( x l'i/j(Tf_ ly ) if 9(x) = 9{y) and xM y = y 

0 otherwise. 

Proof. Suppose if is a KMS^ state on (C*(G,P),a) and fix x, y G P. Nica covariance of 
T gives 

T * T = I T y-Hy^) T x- i ( „v*) ^ x V y < oo 

y |0 if x V y = oo. 

The KMS condition says 

^{T x r;) = e~^if(T;T x ), 

and hence if(T x T*) = 0 unless x V y < oo. Applying the KMS condition again gives 

= e-ww- 9 ^if{T x T* y ), 

and hence also if(T x T*) = 0 unless 9(x) = 9{y). 

Now suppose that 9(x) = 9(y) and x V y < oo. Then 

Uut;) = 

and we recover (15.2p since either x\/y = x or x\/y = y by Lernnia I3.4lfb|) . 

Conversely, suppose if is a state satisfying (15.21) . We fix x,y,p,q G P and aim to 
show the KMS condition (15. ip holds. We will show that if ip(T x T*T p Tf) ^ 0, then 
ip(T p TfT x T*) 0 also and the KMS condition holds. Then, by symmetry, ij}{T x T*T p Tf) 

0 if and only if ip(T p T*T x T*) ^ 0 , and so if ip(T x T*T p Tf) = 0 then the KMS condition 
holds with both sides zero. So we assume that f>{T x T*T p T*) 0. 

By Nica covariance y\/p<oo and 

(5.3) 0 7 ^ ip(T x T y T p T q ) = ip(T X y-i^y\yp')T qp -i^ yVp ^). 

We now argue that it suffices to show the KMS condition when 9(y) > 9(p) and y\lp = yb m 
for some m G N. If 9(y) > 9{p), then there exists m G N such that y\/p = yb m by 
Lemma 13. 4 frail . If 9(y) = 9{p ), then there exists m G N such that y V p = yb m by 
Lemma l3.4lTbl) (m = 0 is allowed). If 9{y) < 9(p), then we take the adjoint of T x T*T p Tf 

and use that = -0(a). So we assume that 9(y) > 9(p) and y V p = yb m for some 

m G N. 

Set 

M := xy~ 1 (y V p) — xy~ x yb m = xb m and N := qp~ l fy V p) — qp~ l yb m . 

Then (15.31) and the equation for 0 at (15. 2p implies that 9(M) = 9(N), and either MVN — 
M or M V N = N. Thus 

9(x) - 9(y) = 9{q) - 9{p), 

and then 9(x) > 9(q). By Lemma [3.4lfb|) there exists n G Z such that M = Nb n . For 
future use we note here that M = Nb n implies 

(5.4) x = qp~ x yb n . 
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Using (15.2)) we have 

/ccx / (T T * T T *\_ I ( T T *\ _ \e-^ N mr b n) if 77 > 0 

(5.5) if(T x T y T p T q ) - if>(T M T N ) - j e -fi0{N)^ T *_ n ) if n < 0 . 

Next we consider if)(T p T*T x T*). Since x < M and q < N we have x\/ q < M\I N < oo, 
and t/j{TpT*T x T*) = 0 {T pq -i( xVq) T* x -i {xyq) ). By Lemma EH there exists s G N such that 
either x V q = xb s or x V q = qb s . First, suppose that x V q = xb s . Then 

yx~ 1 (x V q) — yb s and 

pq~ 1 (x V q) — pq~ l xb s = yb n b s = yx _1 (x V q)b n 
using (|5.4|) . Second, suppose that xVg = qb s . Since 6 (x) > 9(q), we have x = xVg. Thus 

pq~ 1 (x V q) — pb s and 

yx~ l (x V q) = y = pq~ l xb~ n = pb s b~ n = pq~ l {x V q)b~ n 
using (15.4[) . In either case, pq~ 1 (x V q) — yx~ 1 (x V q)b n , and 

ifn>0 

</T P 1 q 1 x 1 y) W\ 1 pq 1 (qVx)- L yx 1 (qVx)J S ^(pq-^xVq))^* ) if 77 < 0 

But 9{pq~ l (x V g)) = 0(p) — 6 (q) + 6 {x) = 9(y) and 6(N) = 9{x). Thus 

' e -m^(T bn ) if n > 0 


e -m*)-o (y))qp(T pT * TxT *) = 


e~M x ty{T* n ) if n < 0 


is the same as (15.51) . as required. As we argued above, this suffices to show that 0 is 
KMSg state. 

Corollary 5.2. Suppose that 6 and 0 are KMSg states on ( C*(G,P),a ) and MT h t) = 

♦MJbr^tEN TW=V 


Proof. Both states vanish on generators T X T* unless 6{x) = 9{y) and x V y is x or y , in 
which case Lemma 13.41 implies that either y _1 x or x^y has the form tf. Thus 0(T x T'*) = 
if(T x T*) for all x, y e P, and 0 = 0. □ 

Corollary 5.3. Consider the dynamical system (C*(G,P),a) as above and take /3 6 K. 

(a) Every KMSg state of (C* (G , P ), a) factors through the quotient by the ideal gen¬ 
erated by 1 — TfTf. 

(b) If ft < In d, then (C*(G,P),a) has no KMSg states. 

(c) Let I be the ideal generated by the element 

d -1 

i -E t a- 

3=0 

Then a KMSg state factors through the quotient 0(G,P) := C*(G,P)/I if and 
only if ft = In d. 


Proof. For (Jaj), suppose that 0 is a KMS/j state of (C*(G, P), a). Then 
0CW) = if(Tfa i0 (T b )) = 0(T;T0 = 0(1) = 1. 


□ p 
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Thus ip{l — T(,T & *) = 0. The projection 1 — T b Tf is invariant for the dynamics, and the 
elements T X T* are analytic elements such that a z (T x T*) is the product of T X T* by the 
scalar-valued function z ha e iz ( e ( x )~ e (y )). So we apply Lemma 2.2 of |?J with P = {l — T b Tf} 
and T = {T X T*}, and deduce that ip factors through a state of the quotient, as claimed. 
For (Tb|) . we again suppose that ip is a KMS^ state of (C*(G,P),a). Then since 

{T b j a : 0 <j<d} 

is a Toeplitz-Cuntz family, we have 1 > Y^j=o in C*(G,P). Thus (15.2j) gives 

d -1 d -1 

(5.6) 1 = ^(1) > £ iP(T bJa T b * a ) = e“fy(l) = e~ p d, 

3=0 j =0 

which is equivalent to /3 > In d. 

We now prove (jnj). If ip is a KMSi n d state, then 1 = e~ /3 d forces equality throughout 
(15.611 . and 

d -1 

(5.7) V'( i-£ r A r A)=°- 

3=0 

Now another application of [7j Lemma 2.2] shows that ip factors through the quotient 
0(G,P). Conversely, if ip is a KMS^ state which factors through the quotient, then ip 
satisfies (15.711 . we have equality in (15.6)1 . and (3 = In d. □ 

6. KMS STATES FOR LARGE INVERSE TEMPERATURES 

Theorem 6.1. Suppose that /? > In d and p is a probability measure on T. Then there is 
a KMSp state ipp ifl on ( C*(G, P),a ) such that 

(6.1) iPpATv) = (1 -e“*d)( f z t dn{z)+ Y. e ~ Pkdk [ z ckd ~ kt Mz)), 

^ {k>l :d\cid~H for 0<j<k} 

where the sum is interpreted as 0 if there are no such integers k. Every KMSp state 
has this form. If d does not divide c, then the map fi ha ipp !lx is an affine continuous 
isomorphism of the simplex P( T) of probability measures on T onto the KMSp simplex of 
(C*(G, P), a). 

The proof of this theorem will occupy the rest of this section. Our first task is to show 
existence of such states, and for this we need some concrete representations of C*(G,P). 

We consider the subgroup K := {b l : t G Z} of the Baumslag-Solitar group G = 
BS(c,d ), and let W : K -A U(H) be a unitary representation. We choose a section 
c : G/K —> G for the quotient map, and write c(g) for c(gK). Then we can realise 
the induced representation Ind %W as acting in the space t 2 (G/K, H) according to the 
formula 

((Ind %W)^)(gK) = W^-w-igMr'gK)) for l e G, f G I 2 {G/K,H). 

(See, for example, [8], page 50].) 
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Proposition 6.2. Choose a section c : G/K —> G such that c{xK ) = stem(x) for every 
x G P, and use c to pull over the usual orthonormal basis {e k ^ a ■ £ £&} for £ 2 {'P k ) to 

an orthonormal set in £ 2 {G/K). Then the subspace 

H 0 := span{efc iCr <g) h : k G N, a G E k , h G i/} 

of £ 2 {G/K, H) is invariant for every (Ind c f < W) x with x E P, and we then have 

(6.2) (Ind£ W) x (e kia <S> h ) = ® W 6 t/i w/iere ict = stem (xcr)#. 

The map x ha is a Nica-covariant isometric representation of P, and the 

corresponding representation 7: of C*(G,P) on H 0 satisfies 

(6.3) 7T{T x ){e kta ® h) = e k+e{x ) tStem{xa ) ® W b th where xa = stem {xa)b f . 

The operator n{Tb) is unitary. 


Proof. It suffices to check invariance for the generators x = a and x = b of P. First we 
take x = a. We are viewing functions in £ 2 (/P k ) as functions on G/K by viewing T, k as 
the subset {aK : a E £&} of G/K and extending the functions to be 0 off T, k . Thus 


( 9 ) 


1 if gK = aK 
0 otherwise, 


and 


(Indg W) a {e k ^®h){gK) 


kFc(g) _1 ac(a _1 g) (6fc,cr(® <7-ftT)/l) 

j W c (g)-i a c(a-ig)h if a~ l gK = aK 
I 0 otherwise. 


Now we have 


a 1 gK = aK a l g = ab n for some n g = aab n for some n; 

then, since aa is a stem, and c{tK ) = r for r G we have c{g)~ 1 ac{a~ 1 g) = 

(acr) _1 acr = e. So 


(6.4) 


(Ind %W) a {e k , a ®h){gK) = 


This gives invariance of H 0 for (Ind^ W) c 
For x = b, similar considerations give 


(Ind %W) b (e k , <T ®h)(gK) = 



if gK = aaK 
otherwise 

.aa <£> h){gK). 


W c(a) —lbc(b~ 1 g)h 

0 


if b 1 gK = aK 
otherwise, 


and 

b~ 1 gK = aK b~ 1 g = ah n for some n g = bab n for some n. 

While ba need not be a stem, it is certainly in P, and hence c(baK) = stem (ba). Then 
ba = stem {ba) P for some t G N, and 

c{g)~ 1 bc{b~ 1 g) = (stem(6o'))^ 1 6o' = bf 
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Thus 

(6.5) (Ind^ hh)h(Cfc,cr ® Ik.stem(fjrr) ® W b tH^ 
which is back in I 2 (J3k) ® H C H 0 . 

Since both U : = (Ind^- W)b\H 0 and V := (Ind^-W) 0 | h 0 are the restrictions of unitary 
operators, they are isometries. We next prove (16.21) . First, we prove it by induction on i 
for x of the form b\ It is by definition true for i = 1. If it is true for i, then 

(Ind^W) b i+i(e jfc)(T <8) h) 

= (Ind^- W) b i(e k,stem(ba) ® W b th) where ba = stem(6cr)6 4 

= Cfc,stem(6* stem(bo-)) <8> W b sW b th where U stem(&cr) = stem(6* stem(6cr))6 s . 

Lemma 13.11 implies that stem(6* +1 cr) = stem(6* stem (ba)) and 6* +1 cr = stem(fe l+ V)fe s+ *, 
and we have proved the result for x = b\ It is quite easy to check that it works for 
x = b l a, and then a similar argument by induction on the height of x (again using 
Lemma 13.11) gives the general result. 

We aim to prove that U and V satisfy the relations of Proposition 14.11 Since we know 
from Lemma 13.21 that a ha stem(6 ct) is a bijection, Equation (16. 5 p implies that U is 
surjective. Thus U is unitary, and it suffices to verify that U and V satisfy relations (jsj) 
and (jnj) of Proposition 14.11 

For (nj) we have on the one hand 

VU c (ek,a ® h) — V (£fc,stem(6 c ir) <8> W b th) where b c a = stem(6 c cr)6 < 

= &k+i,a st em (6 c <r) ® W b th where b c a = stem(6V)6 £ ; 

on the other hand 

U d V(ek t a <8> h) — ek+i,stem(b d a,cj) ® W b sh where b d aa = stem (b d aa)b s . 

Now Lemma P gives astem(5 c cr) = stem(a6 c a) = stem(6 d aa), and 

b f = stem(5cr) _1 6 c cr = (astem(6cr))^ 1 a6 c = stem{b d aa)^ l b d aa = b s , 

and we have (jsj). For (|uj), we observe that U 3 V(ek, a ®h) has the form e fc+l stem ( b j ao .) ®W b th. 
For 0 < j < d and a G £*,, Vacr is itself a stem, and for 1 < j < d it is distinct from 
acr. Thus for 1 < j < d the vector U 3 V(ek )a ® h) is always orthogonal to V(ek, a <£> h) = 
£k+i,aa ® h, and hence to the range of V. Thus V*WV(ek !<T <£) h) is always 0, and we 
have (Jcj). 

Now Proposition 14.11 implies that S : x ha (Ind kW) x \ Ho is Nica covariant, and gives a 
homomorphism n = ns such that tt (T b t) = S b t = U t is unitary. □ 

Proposition 6.3. In the situation of Proposition fix a unit vector h G H . Then for 
every (3 > Ind there is a KMSg state ifh on (C*(G, P),a) such that 

OO 

(6.6) iph(a) = (1 - e~ ,3 d) ^ ^ e~ pk {jr(a)(e k , a <8> h) \ e k , a ® h) for a G C*(G, P). 

k= 0uGSfc 

Proof. We begin by checking that the series converges. Indeed, since |£*.| = d k , and 
eh 3 > d, we have 

OO OO 

y: y: e~ pk (e k ,„ <8> h I e k ,a 8> h) — ^ e~ l3k d k = 

k =0 crGS/j k=0 


1 — e~hd' 
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In particular, 0^(1) = 1, and we have a well-defined state. 

We now want to verify that '0/,. satisfies Equation (15. 2 p in Proposition 15.11 So we take 
x,y G P and consider 

(6.7) (n(T x T*)(e k:Cr ® h ) | e K<J ® /i) = (7r(T*)(e fci<r ® h) \ tt(T*)( e k ^ ® /i)). 

For each k > 0, we identify 

span{efc iCr <g) g : a G E fc , g G 77} 

with 7 2 (E fe ) <g)77. Then the subspaces (7 2 (E fc ) <g)77 : k G N} are mutually orthogonal, and 
we have 

tfo = ©r=o^ 2 ( s fc)®tf. 

The operator n(T x ) maps each summand 7 2 (E*.) <g> 77 into £ 2 (J^ k +e{x)) ® 77, and hence the 
adjoint T* vanishes on £ 2 (T, k ) < 8 > 77 for k < 9{x ), and maps the other £ 2 {Y> k ) <g) 77 into 
£ 2 (Tj k _ e ^) (g) 77. Thus when 0(x) 7 ^ #(?/), T* and map £ 2 {T, k ) <g) 77 into orthogonal 
summands in 77 0 = 0 7 2 (E fe ) <g) 77. Thus if 9(x) 7 ^ 0(y), we have i/j h (T x T*) = 0. 

It remains to consider x,y satisfying 9(x) = 9(y). Then by Lemma [3.41 we have one of 
x\I y — x, x \I y = y or x \I y = 00 . If x V y — 00 , then Nica covariance of T implies 
that T*T y = 0, so that the range of ir{T x ) is orthogonal to the range of tt(T y ); since 
7T (T x )*(e k ,a- <8> h) = 0 unless e k , a ® h is in the range of 7 r(T x ), all the inner products (16.71) 
are 0, and i/j(T x T*) = 0. Since 

(TT(TyT*)(e kj a <g) h ) I e k ,a ® h) = (tt(T x T*)(e kitT <g) h) \ e k>(J <g) h), 

it remains for us to compute 0( T X T,'*) when xWy — x (if x V y = y switch x and y). So 
suppose x V y — x. Then Lemma [3.41 implies that x = yb l for some t G N. 

We begin by fixing a G E fc and computing 

( 6 . 8 ) (7r(T x T*)(e k ,a- ® h) | e fc)CT <g) h) = (tt (T y T b tT*)(e k , a <g) h) \ e kA <g) h ) 

= (n(T b t)Tr(T*)(e k , a <g) h) \ tt (T*)(e fcj<y ®h)). 

Notice that because 7r (T b ) is unitary, the operator tt(T x T*) is not changed if we replace 
y by its stem. So we assume that y is a stem. Then yo is also a stem, so the formula (16.3[) 
implies that tt (T y )(e kia <g) h) = e k+ o( y ^ yr7 <g) h. Since each e k)(J ® h is either in the range of 
tt(T y ) or orthogonal to it, tt(T y )*(e kia <g) h) vanishes unless k > 9(y) and er has the form 
yr for some r G E k -6( y )- Then 

i^(T x Ty'j(^C k a (g) /l) | C k rT Cg) /l) (t! (7))*) (fife—0(y),r ® ^) | &k—8(y),T ® flj . 

Next we observe that because y is a stem, tGi/t is an injection of Ej into E J+( j( y ) for 
every j > 0. Thus 

OO 

^ h {T x T*) = (1 - e _/3 d) e^ /3fc (7r(T 6 t)(e fc _ 0 ( 2/)ir ® /i) | e k _ e{y)tT ® /i) 

k=6(y) r ^k-e( y ) 

OO 

= (1 - ^ ^ e _ * ( 7 r(T b t)(e jtT ® /i) | e JiT <g) /i) 

J=0 TGSj 

= e-WfaiTv) 

= e-^ h (T y - 1 *). 

Thus 0/j satisfies (15.21) . and Proposition 15.11 implies that 0^ is a KMS/j state. □ 
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The subgroup K is a copy of the additive group Z, written multiplicatively because it 
sits inside the nonabclian group G. Thus C*(K ) is isomorphic to the algebra C'(T), and 
states on C*(K) are given by probability measures p on T. For such a measure /i, we 
consider the representation W = kF(/i) of K on H = T 2 (T, d/f) given by 

(6.9) (W#f)(z)=z t f(z), 

and the unit vector h = 1 M in T 2 (T, dp) associated to the constant function 1. Then 
Proposition 16.31 gives us a KMS^ state := ipi , and we need to calculate the values 
of this state on the elements Ty., which by Corollary 15.21 determine the state. For k = 0, 
we have just the trivial stem e, and 

(6.10) (vr(T 6 t)(e fcie ® 1 M ) | e fci6 ® 1 M ) = {W b tl„ | 1 M ) = / z f dn(z). 

J T 

For k > 1 and each stem cr 6 E&, we have 

(6.11) vr(T b t)(e fcj(7 ® 1 M ) = e fe)Stem (6t 0 -) <8> W^l^ where 6V = stem(fc*cr)& s . 

Thus 


(^(Tfti) (f'kjCr ® 1/i) | Cfc,cr ® 1/i) 

vanishes unless stem(6 < (r) = cr, and hence we need to know when this happens. 

Lemma 6.4. Suppose that a 6 for some k > 1 and h l G iF. Then stem(&V) = cr if 

and only if d divides cPd~H for every j such that 1 < j < k. If so, we have 

(6.12) If a = ab ckd ~ k \ 

Proof. Suppose first that stem(6V) = cr, and write a = b^ab^a ■ ■ ■ b tk ~ 1 a in normal form. 
Then since stem(h < cr) begins with stem(6^°a), we have stem(h*6* 0 a) = b to a. Write t + to = 
r + nd with 0 < r < d, and then b r a = stem (Jfb^a) = b to a. Now uniqueness of the normal 
form gives r = f 0 , t = nd and tfb^a = b to ab nc = b to ab cd lt . Now running a similar 
argument on b cd t b tl a shows that d divides cd~ 1 t, and b cd t b tl a = b^alf d t . Continuing 
this way shows that d divides c?d~H for every j < k, and gives the formula (I6.12D . 

For the converse, just note that the condition on d allows us to pull If through a without 
changing the powers b tj for j < k. □ 

Remark 6.5. When c and d are coprime, d divides cPd~H if and only if d J+l divides t, 
and hence left multiplication by b l fixes all the stems in if and only if d k divides t. 
However, in general it is possible that d divides c?d~H but does not divide c^ l d~^~ l \ 
For example, consider c = 8 and d = 12. Then cd~ 1 t = 2f/3 and c 2 d~ 2 t = 4t/9. Thus 
with t = 27, d — 12 divides c 2 d~ 2 t but not cd~ l t. 

Equation (16.10|) tells us where the first integral in (16.11) comes from. For k > 1, 
Lemma 16.41 tells us why only the summands described in (16.11) survive. Suppose that 
fceN and d divides c?d~H whenever 1 < j < k. Then (16 .1 21) tells us that the s in (16.111) 
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is c k d k t. Thus the fcth summand in the formula (16.61) for = (f>i (T b t) is 

(1 - e~ p d) E e' /ifc (vr(7b) (e^ ® 1 M ) | e k , a < 8 > 1 „) 

crGS/j 


(1 - e 13 d) E e pk (e k}< , ® W bc k d - kt l^) \ e k)(J ® lj 

crGS/j 

(i-e-M f ~ ckd ~ kt 

>/T 


z c a U^z) 




= (l-e-^d)|S fc |e-^ / z ckd ~ kt dfi(z) 

J T 

= (l-e^d)dV^ [ z ckd ~ kt d/i(z). 


Thus we recover the formula (16.11) for iJ}p^(T b t). 

Next we have to prove that every KMS^ state has the form ipp^- So we suppose that 
0 is a KMS^ state. Recall that the set 

{T x : x G Ej = {IPV : 0 < i < d} 


is a Toeplitz-Cuntz-Krieger family, and set 

p ■■= i - E T *u- 

aiGSi 

Then the KMS condition implies that (f)(P ) = 1 — e _/ 3 7, so we may consider the conditioned 
state 

<f>p : a i —y (1 — d)~ x (j)(P aP). 

This is in particular a state on the C*-subalgebra C*(K) = C*(T b ) = C'(T), and hence is 
given by a measure /i on T: we choose the measure that satisfies 


< t>p(T b n ) = / z n dy(z) for neN. 

J T 

We aim to prove that 0 = The argument follows closely that of [121 Proposition 7.1], 
though the details in the calculations are quite different. 

We begin by claiming that 

{t*pt; : x e ur=o s d 

is a family of mutually orthogonal projections. To see this, take x G E j and y € E fc and 
consider PT*T y P. If j = k, then either x = y or x \/ y = oo, and Nica covariance gives 
PT*T y P = d X jjP■ If j 0 k, then Nica covariance leaves a factor of the form PT a or T*P 
with 6 (a) > 0. Now we write a = wa' with w G Ei, and then 

pt g = (i - e t z t :)t w t*' 

2 GS1 

= ( T - - E t z t ; t w )t*> 

zGSi 

= (T0 — T w )T a i = 0. 


Thus PT*T y P = 0 when j 7 ^ k, and the claim follows. 
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Now for each n, 

n 

Pn - v v t x pt: 

k= 0xgSfc 

is a projection. Then as in the proof of [[121 Proposition 7.2], the KMS condition implies 
that 

n n 

< kp ») = E E = E E e~P k (j)(PT*T x ) 

k= 0 ccGSfc /c= 0 irEE^ 

n n 

= 0(P) ^ e _/,fc d* = (1 - e~ p d) e~ pk d k 

k= 0 k= 0 

converges to 1 as n —> oo. It follows from [T2j, Lemma 7.3] that for each c G C*(G, P), we 
have 0(P n cP n ) —* 0(c) as n —> oo. We now use the KMS condition to simplify 

n 

0(c) = lim 0(P n cP n ) = lim 

n—too n—>■ oo z ' 

j,k=0 

n 

= lim Y^ 

n—> oo ' ^ 
j,k= 0 

n 

= lim ^ £ e^ k <j>{PT* x cT x P) 

n—>•oo zz ' 

/c=0 tcGSfc 

n 

= lim (1 - e“^d) V V e-^ k (P P (T*cT x ). 

n^-oo ^^' 

/c=0 zESfc 

This is an analogue of the reconstruction formula of [L2j Proposition 7.2], 

To finish off, we take c = T b t in the reconstruction formula. Then for x G E*., T*T b tT x 
has the form T*T s tem(*x)70, which vanishes unless stem(Px) = x. In that case Lemma 16.41 
implies that d divides c?d~H for all j < k, b f x = xb ckd kf and T*T stem ( b t x ) T bc k d -k t — T^ c k d -k t . 
(We have to worry separately about k — 0, though.) Thus we have 

0(7*) = (1 - e~^d) ^0p(T&t) + £ e-^0 P (T 6cfcd - fct )), 

{/c>l :d| c^d~H for 0<7<fe} 


E <t>(( T *PTl)c(T v PT;))) 

xGiTij, yESfc 

£ e-V(t){PT* x cTyPT* y T x P)) 


which by definition of the measure /! is the same as 0^(7*). Thus Corollary 15.21 implies 
that 0 — 0 / 3 ,/i- 

Now we add the assumption that d does not divide c, and aim to prove that /i i —> ijjp^ is 
injective. So we suppose that /x and v are probability measures on T satisfying 0^ = ipp tL ,. 
To simplify the notation, we observe that the integrals appearing in our formulas are the 
moments 

M n (/x) \= f z n dfi 

J T 

of the measures. Since the non-negative moments characterise a probability measure, we 
will prove that M f (/x) = M t {v) for all IgN. 
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We prove by induction on k that, if t G N, d divides Cd H for all j < k and d does not 
divide c k d~ k t, then 

(6.13) = M cjd - jt (v) for all j satisfying 0 < j < k. 

For k — 0, which we interpret to mean that d does not divide t, the sum in (16.111 is absent, 
and we have 

(1 - e-?d)M t {n) = 0^(70) = 0^(70) = (1 - e-f*d)M t {u). 

Since > d, we deduce that = M t {y). 

Suppose that the inductive hypothesis is true for k, and we have s G N such that d 
divides Cd~^s for j < k + 1 and d does not divide c k+1 d~^ k+l ls. Then (16.ip gives 

0/^(70) = (1 - e- p d)(M 8 (fjt) + e~PdM cd - i s (/i) + • • • + e~^ k+1) d k+1 M ck+ld - (k+1)s (//)), 

and hence 0^ = 0^ implies that 

(6.14) M s {n) + e~PdM cd -i 8 (n) + • • • + e~^ k+1 U k+1 M ck+ld - (k+1)s (ii) 

— M s (y) + e PdMri-igiy) + • • • + e ^^ k+l ^d k+l M c k+i d -(k+i) s {v). 

Notice that t = cd~ l s has the property that d divides c?d~H for all j < k and d does not 
divide c k d~ k t. Thus the inductive hypothesis implies that 

Mci+id-u+vAv) = (n) = M c j d -j t [y) = M cj+ i d -u+i) a W) for 0 < j < k. 

But this says precisely that (16.131) holds for 1 < j < k+ 1. Now cancelling terms in (16.141) 
gives M s (/r) = Mg(z/), which is (16.131) for the remaining case j = 0. Thus we have proved 
the inductive hypothesis for k + 1, and this completes the proof by induction. 

Now we fix t £ N. Since d does not divide c, there is a first k such that d does not 
divide c k d~ k t, and then we have (16.131) for this k. But now taking j = 0 in (16.131) shows 
that Mt(fi) = M t {y). Thus fi and v have the same moments, and (i — u. Thus fi n- 
is injective. 

Since the sum in (16.11) is always finite, the assignment fi ha is affine and continuous 
for the weak* topologies. We have shown that it is a bijection of the compact space P( T) 
onto the simplex of KMS^ states. Hence it is a homeomorphism, and this completes the 
proof of Theorem 16.11 

7. KMS STATES AT THE CRITICAL INVERSE TEMPERATURE 

Recall from Corollary 15.31 that every KMS ] nd state of C*(G,P) factors through the 
quotient map of C*(G, P ) onto the Cuntz algebra 0{G , P ). We write T x for the image of 
T x e C*(G,P) in Q{G,P). 

Proposition 7.1. There is a KMS\ nd state "0 on ( 0(G, P),a ) such that 

= 8 x , y e-M x \ 

If d does not divide c, then this is the only KMS state on (0(G,P),a). 

Lemma 7.2. Suppose that d does not divide c and <f> is a KMS\ nd state of the Cuntz 
system (0(G, P),a). Then <f(T b t ) = 0 for all t ^ 0. 
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Proof. Suppose that <f(T b t) 7 ^ 0. Since {Sj := T b j a : 0 < j < d} is a Cuntz family, so is 

{S, := S ln S ll2 ■ ■ -S^ : 0 < ^ < d} = {T a : a e E fc }. 

Thus for every k, 

tfCft.) = <p(r b , at;) = 

crGSfc ctES/j 

and there exists a G £*, such that (f){T b t a Tf ) 7 ^ 0. Proposition 15.11 then implies that 
Pa V cr < 00 , and since 6*17 and a have the same height, we must have stem(Pcr) = cr. 
Thus we can apply Lemma 16.41 for every k, and deduce that d divides c?d~H for all j > 1. 

Write g := gcd(c, d), and define C\ := g~ l c and d\ := g~ l d. Then gcd(ci,di) = 1 and for 

all j we have 

d divides cPd~H =>■ d\ divides c[dfH 
=>■ d\ divides dfH 
==>• <f [ +1 divides t. 

Since d does not divide c, we have d\ > 1, and hence t = 0. □ 


Proof of Proposition [7~/| We choose a decreasing sequence {/?„} such that /3 n —> In d, and 
take fi to be the Haar measure on T. Then by passing to a subsequence, we may assume 
that {fifing} converges weak* to a state <f of {C*{G,P),a). Then it follows from [U 
Proposition 5.3.23] that 0 is a KMSi n d state of (C*(G, P), a). Corollary 15.31 implies that 
0 factors through a state if of (0(G, P), a). Since the non-zero moments of the Haar 
measure all vanish, we have if{T b t) = 0 for all t 7 ^ 0, and then the formula for 0 follows. 

For uniqueness, we use Lemma 17121 to see that any other KMSi n d state agrees with if 
on the elements T b t , and hence by Corollary 15.21 on all of 0(G,P). □ 

Example 7.3. Suppose that d divides c, that fd > In d, and that /; e P(T). Then either d 
divides c?d~H for all j > 0, or d does not divide t. Thus 

, ( Tt \ _ f (! _ erP d){M t {pi) + Yxk =1 e ^^ k d k M c k d -H{p)) if d divides t 
^ b |(1 — e~Pd)M t (n) if d does not divide t. 

If d = c, then the only moment appearing in our formula is and summing the 

geometric series shows that 


ifpATv) = 


M t (g) if d divides t 

(1 — e _/ 3 d)M t (/i) otherwise. 


Now the procedure in the proof of Proposition 17.11 gives a KMSi n( i state on (0(G, P ), a), 
and measures with different moments M dn will give different states. 

If d 7 ^ c, then we write S z for the point mass at z E T, and take 


11 cd - 1 


dw 

W cd ~ 1 = 1 

Then /i is a probability measure with moments 

1 if cd~ l divides n 


M n {n) = 


0 otherwise. 
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Thus 

{ 1 if cd _1 and d divide t 

(1 — e^^d) if cA~ l divides t and d does not 
0 if ccP 1 does not divide t. 

If we now choose (3 n decreasing to In d as in the proof of Proposition 17.1[ we get a KMSi n d 
state on (0(G, P),a) such that 

1 if coO 1 and d divide t 
0 otherwise. 

So uniqueness of the KMSi n d state fails whenever d divides c. 


^n{T b t) = 


Example 7.4. The case d = c is quite different. Then the unitary element T b c commutes 
with everything. It and the Cuntz family {T b j a : 0 < j < c} generate 0(G,P): indeed, 
T a is a member of the Cuntz family, and we can recover T b using the formula 

c—2 c —1 

E ' f f i f | rjl I f i I f i _ r f i / ^ r f i CT"73Jc \ r / i 

-L bo a ' ^ b c -L a-L b c ~ 1 a ^ b l / d -L bia-L bi a J ^ b- 

3=0 j =0 

The Cuntz family gives us a homomorphism tt : O c = C*(Sj ) — > 0(G,P) such that 
*{Sj) = T b j a , and the unitary T b c gives us a homomorphism p : C'(T) —> 0(G,P ) such 
that p(t) = T b c. Since they have commuting ranges, they induce a homomorphism 7ng)p of 
O c ® C(T) onto 0(G,P). This is in fact an isomorphism because the universal property 
of 0(G, P) gives an inverse. 


Remark 7.5. In the definition of the Baumslag-Solitar group BS(c, d), the integers c and d 
play an equal role. So at first sight it seems strange that the critical inverse temperature 
is dictated by d alone. However, right at the beginning of his theory, Nica made a 
critical choice: his covariance relation was modelled on the behaviour of the left -regular 
representation. If he had started with the right-regular representation, his theory would 
have looked quite different. 

The right-regular representation p of a group G is characterised in terms of the usual 
basis {e g : g G G} for £ 2 (G) by phe g = e gb - 1 (the inverse has to be there to ensure that 
PgPh = Pgh )• So the natural representation of P by operators {R x : x G P} on £ 2 (P) is 
given by 

_ J 0 if y£Px 
[e yx -1 if y e Px. 

Each R x is a coisometry. R* is an isometry. In other words, R x is a partial isometry with 
initial projection R* X R X : £ 2 (P) —> £ 2 (Px ) and range projection R X R* = 1. 

The analogue of Nica’s partial order is the right-invariant order defined by x < r y 4=^ 
y G Px (and for the duration of this remark, we’ll write <i for the usual left-invariant 
one). There is an analogous notion of “right-quasi-lattice ordered” involving least upper 
bounds x\Z r y with respect to < r , and the analogue of Nica covariance is the relation 


(7.1) 


(R'MiRIRy) 


V-vAm, if X V r y < OD 
0 if x V r y — oo, 


which is satisfied by the right-regular representation. One can then get a universal C*- 
algebra, which we will denote by C*(G, P, < r ). 
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Fortunately, there is a device for studying this C*-algebra (for which we thank Ilija 
Tolich). Consider the opposite group G op = {g b : g G G} with g^hf = ( hg ) b , and the 
corresponding subsemigroup P op . Then the usual partial order <1 on G op satishes 

9 ' 9 <1 h b <=> h b e g b P op = (Pgf <=> h E Pg g < r h; 

we deduce that ( G op , P op ) is quasi-lattice ordered in the usual sense if and only if (G, P, < r ) 
is right-quasi-lattice ordered, with g b Vi h 9 = (g V r lif. One can check quite easily that 
R T : x i —y T* b is a covariant coisometric representation of P in the sense that (17.11) holds 
if and only if T is a Nica-covariant representation of P op . Thus (C*(G op , P op ), R 1 ) is 
universal for coisometric representations satisfying (17.11) . 

When G = BS(c, d), the opposite group is 

G op = (a, b: b c a = ab d ) = BS(d, c). 

Thus, had we chosen to work with the partial order < r , we would have found a system 
with a phase transition at inverse temperature Inc. (There is a minor wrinkle: because 
passing from the isometric representation T to the coisometric representation R T involves 
an adjoint, the dynamics satishes a T t (R x ) = e~ l6 ^R x . However, one can argue that this 
is the natural one, because both this and the usual dynamics are implemented spatially 
on £ 2 {P) by the unitary representation U such that U t e x = e ltd ^e x .) 


8. Ground states 


A state (ft is a ground state of (C*(G,P),a) if, for all analytic elements a and b, the 
entire function z H» <ft(aa z (b)) is bounded in the upper half-plane hnz > 0. The KMSoo 
states are the weak* limits of sequences of KMS^ n states as j3 n —> oo. Every KMSoo state 
is a ground state, but a ground state need not be a KMSqo state by [1[ Proposition 5.3.23] 
and [3; Proposition 3.8]. 

Theorem 8.1. Suppose that u is a state of the Toeplitz algebra T( N) = C*(S). Then 
there is a ground state of (C* (G , P), a) such that 


( 8 . 1 ) 


i’jTx;) 


0 ifd(x) ^ 0 or 9(y) ^ 0 

uj(S s S * t ) if x = b s and y — ff. 


The state 'iftu a KMSoo state if and only if u factors through the quotient map q : 
T(N) —> C'(T). The map u> / ift U] is an affine isomorphism of the state space o/T(N) 
onto the compact convex set of ground states. 


There are many states of T(N) which do not factor through q : T(N) — y C'(T): for 
example, the vector states given by unit vectors in £ 2 . Thus Theorem 18.11 implies that the 
system (C*(G,P),a) has many ground states which are not KMSoo states. Thus (in the 
terminology of [3]) the system admits a second phase transition at /3 = oo. 

We now do some preparation for the the proof of Theorem 18.11 First we need to be 
able to recognise ground states. 


Lemma 8.2. A state ift of (C*(G , P), a) is a ground state if and only if 
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Proof. Suppose that if is a ground state and if{T x T*) p 0. Then 

\P(T x a r+is (T;))\ = \e-^ +is ^{T x T* y )\ = e s0 ^\if{T x T* y )\ 

is bounded on the upper half-plane s > 0, and hence 9(y ) = 0. Since p(T y Tf) = 
p(T x Tf) p 0, we also deduce that 9(x) = 0. 

Next suppose that if is a state satisfying (j8.2j) . Let X = T x Tf and Y be analytic 
elements for a. Then the Cauchy-Schwarz inequality gives 

(8.3) \p{Ya r+is (X))\ 2 = e- 2s ^~ e ^\^(YT x T;)\ 2 

< e~ 2s(0(x) - 0(y)) p(Y*Y)p(T y TfT x T*) 

= e~ 2s(0(x) - 0(y)) if(Y*Y)if(T y T*). 

If 9(y) p 0 then (18.2p implies that p(T y T y ) = 0, and the right-hand side of (j8.3jl is trivially 
bounded. If 9(y) = 0, then the right-hand side of (18. 3 p is bounded by p(Y*Y)p(T y Tf). 
So either way, \p(Ya r+ i S (X))\ is bounded for s > 0, and p is & ground state. □ 

Next we need a good supply of representations. Our basic construction was inspired by 
our earlier one using induced representations. 

We continue to use the orthonormal basis {e kt a ■ cr G E^.} for £ 2 {Y k ). 

Lemma 8.3. Suppose that W is an isometry of a Hilbert space H. Then there are 
isometries U and V on 0 fc=o ^ 2 (Efc) <8> H such that 

U{e k , a <g) h) = e^tem (ba) ® W s h where ba = stem(ba)b s , and 

Y{e^a ® hdj &k-\-l,a(T ® h. 

Proof. Lemma 13.21 implies that cr i-a stem (bcr) is a bijection of E& onto E&. Thus if 
{hi : i G 1} is an orthonormal basis for H , then {efc jSt em(fecr) <8> W s hi : a G E, i G 1} is an 
orthonormal set in £ 2 (E k ) <g) H for each k. Thus there is an isometry U as claimed. Since 
each aa is already a stem, Lemma 13.21 also implies that a ha aa is an injection of E^ in 
Efc +1 for each k. Thus {ek+i^aa <£> hi] is also orthonormal, and there is an isometry V with 
the required property. □ 

Proposition 8.4. Suppose that W is an isometry of a Hilbert space H, and U, V are as 
in Lemma HP . Then U andV satisfy the relations (|aj), (|EJ and (|cp of Proposition \IfA . 

Proof. The calculations in the fourth paragraph of the proof of Proposition 16.21 show that 
U and V satisfy (|aj) and ([cp. To verify (0, we need a formula for U*. We claim that 

(8.4) U*(e k)T <8> h) = e k p <g> W* l h where p G E fc satisfies rb 1 = bp ; 

Lemma 13.21 implies that there is a unique stem p such that bp begins with r, and then t 
is uniquely determined by rP = bp. To prove the claim, we compare 

(8.5) ( e k , p <g> W**h | e k , a ® g) — S P ,<j{h \ W t g ) where tP = bp 
with 

(8.6) {fk,T ®h\U (e fe)fT ® g )) = 5 T!Stem(fe(J ) {h \ W s g ) where bcr = stem {ba)b s . 

First, suppose that p = a. Then ba = stem(ba)b s = stem {bp)b s = stem (rP)b s = rb s 
because r is a stem. Thus r = stem(6cr). Now rP = bp = ba = stem(ba)b s = rP, and 
hence s — t. Thus (18. 5 p and (18. 6 p agree. Second, suppose that pp a. By Lemma 13.21 ([ap , 
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x i —y stem(bx) is a bijection on T, k , and hence stem (6cr) ^ stem (bp) = stem (rb t ) = r, and 
both (18.5|) and (18.61) are 0. This proves the claim. 

We now compute the right-hand side of (Jbl) : 

U d ~ 1 VU* c (ek ) a ® h) — ® W^h) where p G satisfies ab* = b c p 

— e fc+ljStem (bd-i-cin) ® W s W* t h where b d ~ l ap = stem (fr^a/i) 5 s 
= e k+1 y-i a/1 ® W* l h 

because b d ~ l ap is a stem. The left-hand side of (JbJ) is 

U*V{e k) a ® h) = e k+ \ )P ® W* r h where p G £ fc+1 satisfies aab r = bp. 

Now the equation 

b(b d ~ l ap) = b d ap = ab c p = aab 1 

implies that p = b d ~ l ap (because p is the unique stem such that bp begins with aa) and 
then r — t. Thus (0 follows. □ 

Corollary 8.5. Suppose that W is an isometry on a Hilbert space H , and U , V are 
the isometries described in Lemma Iff. ,91 Let it uy be the corresponding representation of 
C*(G, P ) on 0 fc>o ^ 2 (Sfc) ®H. Then for every unit vector h in H, there is a ground state 
iph,w of(C*(G,P),a) such that 

f>h,w( a ) = (nu,v(a)(e o,e ® h) | e 0 , e ® h). 

Proof. Since T x maps £ 2 (£ 0 ) ® H into £ 2 (T,q^) ® H , 

' l Ph,w(T x Ty) = (nu,v(T y )*(e 0je <g) h ) | TTu,v(T x )*{^o,e ® bij) 

vanishes unless 9{x) = 0 = 9(y). So Lemma 18.21 implies that ifh,w is a ground state. □ 

Proof of Theorem \8.1[ Suppose a; is a state of T(N) = C*(S). We consider the GNS 
representation 7iy of T(N) on H u with cyclic vector from which we can recover oj via 
the formula u>(c) = (^(c)^ | £ u ). Applying Corollary 18.51 with W = tt u (S), U and V the 
isometries of Lemma [8731 and h = gives a ground state := of {C*{G, P ), a) 

such that 

Vc(«0 = (n U y(a)(e 0 , e <8> £ w ) | e 0 , e <8> £„)■ 

We need to verify the formula (18.11) . 

Since V = 7Tu,v{T a ) maps f 2 (S 0 ) ® Hf = Ceo, e ® Hu into £ 2 (Si) ® H^, we have 

f>u{T x T*) = 0 unless 9(x) = 0 = 9(y). 

If 9{x) = 0 = 9(y), then x = b s and y — If for some s, t G N, and 

Mt x t;) = MTfT?) 

= ® U | e 0 , e <8) 

= {U a U* t (e 0 , e ®Z u )\e 0i e®&) 

= (^(eo,e®^)|^(eo,e®^))- 
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Since S 0 = {e}, the formula (18.41) for U* collapses to (7*(eo, e <S> h) = eo, e ® W*h, and we 
have 

MTxTZ) = (e 0 ,e <8> VT| e 0 , e ® ^(S)* 5 ^) 

= I ^{sy-Q 

= (7r w (5 s 5*%ie w ) 

= co(S s S* t ), 

as in (18. ip . 

Next we suppose that 0 W is a KMSqo state. Then there are an increasing sequence 
/3 n —* oo and KMS^„ states 0 n such that 0 n converges weak* to 0a,. Corollary 15.31 implies 
that each 0 n factors through the quotient by the ideal generated by 1 — T0T b *, and hence 
so does the limit 0a,. The kernel of q is spanned by the elements S m ( 1 — SS*)S* n (they 
are a family of matrix units spanning kerg = /C(£ 2 )), and the formula (18.ip implies that 

<u(S m (l - SS*)S* n ) = MT b ™( 1 - T b T*)T; n ) = 0. 

Thus oo factors through q. 

Conversely, suppose that c o factors through q. Then there is a probability measure fi 
on T such that c <j(c) = f q(c ) dfi for all c G T(N). Choose a sequence j3 n with j3 n —> oo. 
Then for each n, the state is determined by Corollary 15.21 and the formula (16.ip for 
0/3 n . M (T 6 t) in Proposition 16.11 The sum on the right-hand side of (16 .1 P is finite, and for 
each k we have 

e _/3 nk d k f z ckd kt dfi(z) —> 0 as n —> cxd. 

J T 

Since we also have 1 — e -/3n d —> 1, we deduce that 

^PnA T b) “»• J z^niz) = j q(S t )dfi = ‘i/} u (T b t). 

Thus 0 W is a KMSqo state. 

The formula (18.11) shows that u> H> 0^ is affine, weak* continuous and one-to-one. To 
see that is is onto, suppose 0 is a ground state. Since T b is a non-unitary isometry, 
Coburn’s theorem implies that there is an isomorphism 7 tt 6 of T( N) into C*G,P) such 
that 7T T b {S) = T b , and then oo := 0 o n Th is a state of T(N). Lemma 18.21 implies that 
0 vanishes on all spanning elements except those of the form T b sT£ t , and formula (18.11) 
shows that 0 agrees with 0 W on all spanning elements. Thus 0 = 0a,, and oo i —> 0 W is onto. 
Now we can deduce that it is a homeomorphism of the compact state space of T(N) onto 
the compact set of ground states. □ 

Appendix A. Amenability of (G, P) 

In setting up our conventions, we implicitly assumed that (G, P) is amenable in the 
sense of Nica, and here we prove this. This result is not a surprise, since Spielberg 
proved that his groupoid model is amenable [TUI Theorem 3.23], and the various notions 
of amenability are all meant to do the same thing. Nevertheless, it is fairly routine to 
see it directly. For the purposes of this appendix, it is helpful to distinguish between 
the Toeplitz representation T of P on £ 2 (P) and the universal representation of P in 
C*(G,P), which we denote by i (following [TO]). 
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Theorem A.l. The quasi-lattice ordered group ( G,P) is amenable. 


We follow the argument of m Proposition 4.2], using the height map 6 : G —> Z in the 
role of the map (ft in that proposition (which was later described as a “controlled map” 
in |P §4]). Unfortunately, that proposition does not apply as it stands, since 6 does not 
have the property (i) required of controlled maps in the statement of m Proposition 4.2] 
- for example, we have a < ab, but 9(a) = 9(ab). But the general idea works. 

By m Corollary 3.3], there is a contraction <f> : C*(G 1 P ) — > span{i(x)i(x)* : x G P} 
such that 


$(i(x)i(y)*) 


i(x)i(x)* if x — y 
0 otherwise. 


By m Definition 3.4], ( G,P ) is amenable if $ is faithful in the sense that <&(R*R) = 0 
implies R — 0. We consider the dual action 9 : T — y Aut C*(G,P) characterised by 
9 z (i(x)) = i(x). Our strategy is to analyse the structure of the fixed-point algebra 
C*(G 1 P) e = span {i(x)i(y)* : 9(x) = 9(y)} for this action, and show that $ factors 
through the conditional expectation <f> 0 of C*(G, P ) onto C*(G, P) e obtained by averaging 
over T. 


Lemma A.2. For k > 0, the algebraic linear span 

B k := span{i(cr)-Di(r)* : a, r G and D G C*(i(b))} 
is a closed C*-subalgebra ofC*(G,P) e . 

Proof. Since {*(cr) : a G E fc } is a Toeplitz-Cuntz family, {i(cr)i (r)* : er, r G S fc } is a set 
of matrix units in the C*- algebra B k . This gives a homomorphism : M^ fc (C) —> B k 
which maps the usual matrix units {E ar : cr, r G to {i (cr)z(r)*}. There is also a unital 
homomorphism if : C*(i(b)) —> B k such that 

D ) = 


We have 


^(E aT )ij)(D) = i(a)i(T)*y^i(n)Di(n)* = z((x)f(r)U(r)Df(r)* 

u 

— i(a)Di(r)* — if(D)(j)(E aT ). 

Each A G Ms fc (C) is a linear combination of the E aT , and hence if(D)(j)(A ) = <f(A)if(D) 
for all A G M Sk ( C) and D G C*(i(b)). 

Since the ranges of (ft and commute, the universal property of the maximal tensor 
product gives a homomorphism (ft <8) max Y of M^ k (C) <g) C*(i(b)) into B k . We claim that 
the range of (ft ® max U is B k . Since M Sfe (C) ®C*(i(b)) is spanned by elements of the form 
E aT <g) D (with no closure, see for example [TS} Theorem B.18]), the range of (ft <8) max Y is 
spanned by (ft(E ar )'ift(D) = i(a)Di(r)* (no closure) and hence equal to B k . Thus B k is a 
closed C'*-subalgebra of C*(G, P) e . □ 

Lemma A.3. For k > 0, we have B k B k+ \ = B k+ \. 
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Proof. Since {i(o) : a G E*,} is a Toeplitz-Cuntz family, we have i(o)*i(r) = 0 unless 
cr extends r or vice-versa. So to see B k B k+x C B k +i, it suffices to take G E&, 

//, k G Ei , C,D E C*(i(b)), and show that 

(A.l) i(o)Di(T)*i(nn')Ci(vv')* = S Ttll i(o)Di(fj,')Ci(uu')* 

is in BkBk+i- Suppose that D = z(5)N(&)** for some s,ieN. If // = Fa for some integer 
j G [0,d), then 

(A.2) Di(n') = = i(b) s i(b)* t i(b)H(a). 

Now if j < t, then (IA.2[1 is equal to 

i(b) s+:i ~ t i(a ) = i(stem(& s+J " _t a))i(&) 9 


for some q G N. On the other hand, if t > j, then (IA.2[1 is equal to 
i(b) s i(by {t ~ j) i(a) = iibyiibf-^-^iiaXb)*^ 0 

and we write i(6) s+ ^ _ - ? h d_1 )i(a) as i(stem(b s+ 9~P^ d ~ 1 '> a)i(b) r for some r G N. Either way, 
(lA.ip has the form i(er stem(b n a))C'i(/j./j.') and is in B k+X . Thus B k B k+x C B k+X . 

To see the reverse containment, let cr, r G Efc +1 and write a = o'o" where o' G E fc and 
o" G Ex. For i(o)Di(r)* G 5fc+i we have 

i(o)Di(r)* = i(o'o")Di(r)* = i(o')i(o')*i(o')i(o")Di(T)* = (i(o')i(o 1 )*) (i(o)Di(r )*), 


which is in B k B k+x . This extends to arbitrary elements of B k+X and hence B k C B k B k+1 . 

□ 


Corollary A.4. For k > 0, C k := B 0 -|-b B k is a C*-subalgebra of the core C*(G, P) e 

and 

c*(G,p) e = UJJa. 

Proof. We prove that C k is a C'*-subalgebra of C*(G, P) e by induction on k. Notice that 
Co = B 0 = C*(i(b)) is a C'*-subalgebra. 

Suppose that C k is a C'*-subalgebra of C*(G,P) e for k > 0. Lemma I A. 31 implies that 

G k B k + i = (B 0 + • • • + B k )B k+ 1 = BqB\ ... B k B k+ i + • • • + B k B k+ x = B k+X . 

It follows that B k _ |_i is an ideal in the C*-algebra A generated by C k and B k+1 . Since C k is 
a subalgebra of A, [TU Theorem 3.1.7] implies that C k + B k+X = C k+x is a C*-subalgebra 
of A and hence of C*(G, P) e . 

Since C*(G,P) e = spa,n{i(x)i(y)* : 9(x) = 9(y)}, and such i(x)i(y)* G B 9 ^ C Cg^, it 
follows that (_]C k is dense in C*(G,P) e , and hence C*(G,P) e = (J^ 0 ^4- □ 

The Toeplitz representation T of P on £ 2 (P) is Nica covariant, and hence induces a 
homomorphism ttt of C*(G, P) onto the Toeplitz algebra T(G, P) := C*(T X : x G P) such 
that ht o i = T. We write 

H k = span-fe^™ : a G E k ,n GN}c £ 2 (P), and then C(P) = H k . 

k> o 

Lemma A.5. For k > 0, 

(a) H k is invariant for vr r | Sfc and 

(b) tit\B k is faithful on H k . 
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Proof. For item (jaj), take i(a)i(b) l i(b)* m i(T)* G B k and e^ € H k where m,n G N. Then 


TT T (i(a)i(b) l i(b)* m i(T)*)e^ 


e ab i+(n-m) if fi — t and n>m 
0 otherwise 


is again in H k . 

For item (jb|), take B = i(p)D Ptfl i(p.)* G B k and suppose 7Tt(-B)|t4 = 0- Fix 

(T,r G E fe ■ Then 


Tf-n T (B)T r = 7T T (i(a)*)7T T (B)7T T (i(T)) = -n T (D^ T ). 

Since T r is an injection from H 0 into H k and 'K X (B)\ Hk = 0, we have ttt(B)T t \ Hq = 0. Thus 
7r T (D o . T )|^ 0 = 0. But the restriction |c*(i(6))) |j/ 0 is generated by a nonunitary isometry 
and hence is faithful by Coburn’s theorem (see, for example, [Hj Theorem 3.5.18]). Thus 
= 0. It follows that B = 0. □ 

Lemma A.6. 7 t x is faithful on the core C*(G,P) e . 


Proof. Since C*(G 1 P) e = (J k C k by Lemma [A.41 it suffices to show that ir x is faithful 
on each C k . Suppose ttt(R) = 0 where R G C k . Then there exist R{ G B t such that 
R — Rq + ■ ■ • + R k , and then n T (R 0 ) + • • • + 71^(74) = 0. 

For stems a and r, if 9(a) < 6(r ) then T* e ab r, = 0. It follows that ^(Ri^Hj = 0 when 
j < i. Thus 

0 = iT r r(Rfl) \ho + • • • + ^T(Rk)\H 0 = tt t (Ro)\h 0 , 

and Lemma I A. 51 implies that Rq = 0. Then an induction argument gives each R, = 0. 
Thus R = 0, as required. □ 


Proof of Theorem \A.l[ We use an argument similar to that of [10, Proposition 4.2], Let 
<h 61 be the conditional expectation of C*(G, P ) onto C*(G, P) 6 obtained by averaging over 
the action 0, and recall that $ £l is faithful. Let {E z } be the usual orthonormal basis for 
£°°(P). The diagonal map A : B(l 2 (P)) —> £°°(P ) given by 


A (T) = J2 E Z TE Z 

z€P 

is faithful, and A o n T = tt t o <F (see the computation on Page 433 of HD]). Now 
$(R*R) = 0 =► $($ e (R*R)) = 0 

=► 7 t t ($($ 9 (R*R))) = 0 

=► A o 7r T (^ 9 (R*R)) = 0 

=>• 7T T ($ e (R* R)) = 0 because A is faithful 

==>• & e (R*R) = 0 by Le mm a lA. 61 

=> R — 0 because 4> e is faithful. 


Thus $ is faithful and (G, P) is amenable. □ 

Corollary A.7. The Toeplitz representation tt x : C*(G,P ) —> T(G,P) is faithful. 

Proof. Since (G, P) is amenable by Theorem lA.il 7r x is faithful by [TO, Corollary 3.8]. □ 
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